This paper concerns the problem of extending the parameter domain of holomorphic motions to include isolated boundary points, punctures of the domains. Supposing that the parameter domain has an isolated boundary point λ * , we explore the extension properties of the holomorphic motion to λ * .
Introduction
The notion of holomorphic motion was introduced by Mañé-Sad-Sullivan, in their work [M-S-S] on the dynamics of rational maps in order to construct conjugacies based on perturbations of the inclusion map of a subset of the sphere. Since then, this concept has been applied as a powerful tool in the field of holomorphic dynamics. A holomorphic motion in C can be described as a family of holomorphic functions with disjoint graphs over some domain Λ ⊂ C parametrized by the fiber over some point λ 0 ∈ Λ. More precisely, for a domain Λ in C, a point λ 0 ∈ Λ , and a subset E of C, the map H : Λ × E → C is called a holomorphic motion of E, parametrized by Λ, with base point λ 0 , if and only if the following conditions hold:
i. H(λ 0 , z) = z for all z ∈ E, ii. H is vertically injective, i.e., for every fixed λ ∈ Λ, H λ : z → H(λ, z) is injective, and
iii. H is horizontally holomorphic, i.e., for every fixed z ∈ E, H z : λ → H(λ, z) is holomorphic.
There are two famous extension results for holomorphic motions: the λ-Lemma, states that any given holomorphic motion H : Λ × E → C has a unique extension to a holomorphic motion of the closure E, parametrized by Λ. The second well known result, called the extended λ-Lemma or the S lodkowski's Theorem states that for simply connected Λ ⊂ C, any holomorphic motion H : Λ×E → C, extends to a holomorphic motion H : Λ× C → C. Moreover, for Λ a hyperbolic disk and for every parameter λ ∈ Λ, the extension H λ is a quasiconformal homeomorphism, whose dilatation is bounded by e d Λ (λ 0 ,λ) , where d Λ (·, ·) denotes the hyperbolic distance in Λ [S l].
Let Λ * ⊆ C be a domain with a puncture at λ * , i.e., having an isolated boundary point λ * ∈ C. Given a holomorphic motion H : Λ * × E → C, when we consider the extension of H to λ * , either holomorphicity of the functions H z , or injectivity of H λ * may fail. Moreover, dynamical information may be lost in such an extension, if H is compatible with some dynamics. In this paper, we investigate the extension properties of H to Λ := Λ * ∪ {λ * }, when E is connected. Moreover, we study the local representation H z (λ) = ∞ n=0 a n (z)(λ − λ * ) n near λ * , when the functions H z extend holomorphically to λ * and thus define an extension of H to Λ. We see that if z → a 0 (z) is injective, then the extension of H is a holomorphic motion parametrized by Λ. We show that if a 0 is not injective, then it is necessarily constant and hence the moving set E shrinks to a point at λ * . We call the latter type of extension a holomorphic explosion and we study the properties of holomorphic explosions. We prove that for any holomorphic explosion there exists an underlying holomorphic motion H : Λ × E → C, n ≥ 0, and a polynomial P of degree d ≤ n − 1 such that the local representation of a holomorphic explosion is
The organization of this article is as follows: In Section 2, we discuss extension properties of holomorphic motions to isolated boundary points of the parameter domain. This discussion leads to the introduction of the notion of holomorphic explosions. In the following two sections we give applications of this new concept to holomorphic dynamics. This work was supported by Marie Curie RTN 035651-CODY and Roskilde University.
Main Extension Results of a Holomorphic Motion
Suppose a holomorphic motion H in C is parametrized by a domain Λ * , which has isolated boundary point λ * such that Λ = Λ * ∪ {λ * } ⊂ C. We show that under mild conditions, the map H extends horizontally holomorphically to Λ. That is, each function H z extends to a holomorphic function H z : Λ → C and so defines an extension of H to Λ. This is the subject of the following theorem.
Theorem 2.1. Let E ⊂ C be connected, and Λ * be a domain with an isolated boundary point λ * such that Λ = Λ * ∪ {λ * } ⊂ C. Let H : Λ * × E → C be a holomorphic motion over Λ * with base point λ 0 ∈ Λ * . Suppose there exist two distinct points z 0 , z 1 ∈ E, such that H z 0 and H z 1 extend holomorphically to Λ. Then H extends horizontally holomorphically to Λ.
Proof. Define
Then H(λ, z 1 ) = H(λ, z 0 ) for all λ ∈ Λ * , as z 1 = z 0 . Thus for every z ∈ E, H z = H(·, z) is holomorphic in Λ * . Moreover, for every λ ∈ Λ * , H λ = H(λ, ·) is injective, since H λ is obtained from H λ by post-composition with an injective affine map, which is the identity for λ = λ 0 . So H is also a holomorphic motion in C of E, parametrized by Λ * and with base point λ 0 . Also H(λ, z i ) ≡ z i for i = 0, 1 by construction. Then H fixes the two distinct points z 0 , z 1 in C. Hence, for every z ∈ E \ {z 0 , z 1 } the holomorphic function H z takes its values in C \ {z 0 , z 1 }. And so the point λ * is a removable singularity for H z by Picard's Theorem. That is, H z extends meromorphically to Λ for every z ∈ E. This defines a horizontally meromorphic extension of H to Λ × E. We show that this extension of H is in fact horizontally holomorphic. That is, there is no point z ∈ E, such that H z (λ * ) = ∞. Set U := {z ∈ E; H(λ * , z) = ∞}. We prove that U is the empty set. To this end, we will show that U is both open and closed in the topology of E. Then as E is connected by hypothesis and z 0 , z 1 ∈ E \U we conclude that U = ∅. For each j the subset E j := E \ {z j } is a relatively open subset of E containing U. Let γ denote a negatively oriented closed circular arc with center λ * bounding a disk Γ ⊂ Λ. Define two functions n j : E j → Z for j = 0, 1 by
Then each n j is continuous, since γ ⊂ Λ * , z j = H(λ, z j ) for all λ and H λ is injective for all λ ∈ Λ * . Hence each n j is locally constant in E j as it takes values in the discrete set Z. Moreover, by the Argument Principle, the function n j counts the number of poles minus the number of zeroes (with multiplicity) of λ → H(λ, z) − z j in Γ. And the only possible zero or pole is at λ * . So that n j (z) is the order of λ * as a pole of H z if n j (z) > 0, −n j (z) is the order of λ * as a zero of H z if n j (z) < 0 and n j (z) = 0 precisely if
To see that U is open, let z ∈ U be arbitrary. Then z = z 0 , n 0 (z) > 0 and there exists a relatively open neighbourhood ω ⊂ E 0 of z such that n 0 (w) = n 0 (z) > 0 for all w ∈ ω, since n 0 is locally constant. As z ∈ U was arbitrary, the set U is open in E \ {z 0 } and thus in E.
To see that U is closed, we prove that
Then n j (z) ≤ 0 and there exists a relatively open neighbourhood ω ⊂ E 0 of z such that n 0 (w) = n 0 (z) ≤ 0 for all w ∈ ω, since n j is locally constant. As z ∈ E j \ U was arbitrary the latter is open in E j and thus in E.
To conclude, since H has a horizontally holomorphic extension to λ * , so does H.
Complement 2.2. With the hypotheses of Theorem 2.1 the map H defined by (1) extends to a holomorphic motion of E over Λ, that is H λ * is injective. Moreover there exist two holomorphic functions f, g : Λ → C with f (λ 0 ) = 0, and g(λ 0 ) = 1, g never vanishing in Λ * , such that
(2)
Proof. Let us first prove that the horizontally holomorphic extension of H to Λ, i.e., across λ * is continuous on Λ × E. Since it is an extension of a holomorphic motion over Λ * of E we only need to prove continuity at the points (λ * , z), where z ∈ E. However this follows from H being horizontally holomorphic. More precisely with Γ a round disk in Λ around λ * with negatively oriented boundary γ as in the proof above we have
Suppose towards a contradiction that there exist two distinct points 
We shall consider the first case, the second being similar. Define
Since B(λ, z) is continuous, and since w k → w ∞ , there exists N ∈ N, such that for all j ≥ N,
By assumption, B(λ, w j ) has no zero at λ * for all j ≥ N. Considering (3) and (4), B(λ, w j ) and B(λ, w ∞ ) have the same number of zeroes in Γ, counted with multiplicity, by the Rouché's Theorem. This assures that, B(λ, w j ) has at least one zero in Γ, which is not λ * . This implies there exists
In case w ∞ = w 0 , we apply the same procedure for w ∞ = w 1 , and we similarly show that
Obviously, the set E\U w is nonempty, as it contains either z 0 , z 1 , or both. Moreover it is open and closed by the above. And since E is connected,
in (1), we obtain (2).
Remark 2.4. In the form (2) neither of the functions f or g, nor the holomorphic motion H in the representation of H in (2) is unique. Also the map H(λ * , E) is only unique up to post-composition by a non-constant affine map. However let n denote the order of λ * as a zero of g. Then n is unique and the Taylor polynomial of f around λ * is unique. Indeed, g can be written as g(λ) = (λ − λ * ) n · g(λ), where g is a nonvanishing holomorphic function on Λ. Let P (λ − λ * ) denote the first n terms in the Taylor series of f (λ) around
Obviously H can be reparametrized as a holomorphic motion over Λ with base point λ * , of the set E * = H(λ * , E). Observe that the polynomial P of degree less than n and the holomophic motion H are unique.
Remark 2.5. The assumption that the set E is connected is essential for the conclusion of the Theorem 2.1 and its complement. In fact let Λ = D, λ * = 0, so that Λ * = D * . Let λ 0 = 1/e, set E H = {0, 1/e, e}, E G = {0, 1/e, 1/e 2 } and define two holomorphic motions over Λ * Remark 2.6. The assumption in Theorem 2.1 that for two distinct points z 0 , z 1 ∈ E the holomorphic functions H z 0 and H z 1 extend holomorphically to Λ is essential for the conclusion of the Theorem. Let E = C, Λ = D, λ * = 0, so that Λ * = D * and define two holomorphic motions over Λ * H(λ, z) = (e 1/λ − e 1/λ * ) + z and G(λ, z) = e (1/λ−1/λ * ) · z
Then neither H nor G satisfies the conclusion of Theorem 2.1.
Proposition 2.7. Let E ⊂ C be a connected set containing at least two points, and let H : C × E → C be a holomorphic motion of E over C with base point λ 0 . Then there exist two holomorphic functions f, g : C → C with f (λ 0 ) = 0, g non-vanishing and g(λ 0 ) = 1, such that H has an expression
Proof. Let z 0 , z 1 ∈ E be distinct points. Consider the equation (2), where H is defined as in (1) from z 0 , z 1 . Recall that H fixes both points z 0 , z 1 . Hence for any z ∈ E \ {z 0 , z 1 } the horizontal map H z : C → C avoids the two points z 0 , z 1 and thus is constant by the Picard's Little Theorem. Hence H(λ, z) = z on E × C. Taking f and g as in (5) we obtain (7).
Motivated by Theorem 2.1 and its Complement 2.2 we define the notion of a Holomorphic Explosion, which is a relative of holomorphic motions.
Definition 2.8. (Holomorphic Explosion) Let Λ C be a domain and E * ⊂ C, let (λ * , z * ) ∈ Λ × C and let n > 0 be an integer. An order n holomorphic explosion of E * in C from (λ * , z * ) is a horizontally holomorphic map H : Λ × E * → C which can be written as
where H is a holomorphic motion of E * over Λ with base point λ * , and f, g : Λ → C are holomorphic functions such that f (λ * ) = z * and g admits λ * as a zero of order n. We call λ * , the explosion parameter.
Note that in the definition above
• The motion domain Λ can contain more than just one explosion parameter λ * .
• The explosion parameter λ * can be infinity. In this case the formula (8) can be replaced by (see also Remark 2.4)
where P is a polynomial of degree at most n − 1 and λ ′ / ∈ Λ. In particular if 0 / ∈ Λ we can take λ ′ = 0 and have
• Another more complicated, but also more flexible formulation of an order n holomorphic explosion H of the set E * is as follows. The map H is a horizontally analytic map H : Λ×E * → C, which can be written as
where H is a holomorphic motion of a set E 0 ⊂ C over Λ with base point λ 0 ∈ Λ, H(λ * , E 0 ) = E * , ψ(z) = ( H λ * ) −1 and f, g : Λ → C are holomorphic functions such that f (λ * ) = z * , g admits λ * as a zero of order n and g(λ 0 ) = 0.
A simple application of the classical λ-Lemma shows that at similar conclusion holds for holomorphic explosions, that is the closure E * of E * in C also exhibits a holomorphic explosion.
Lemma 2.9. (λ-Lemma for holomorphic explosions) Let E * ⊂ C and let Λ C be a domain. Suppose H : Λ × E * → C is a holomorphic explosion from (λ * , z * ). Then H uniquely extends to a holomorphic explosion from (λ * , z * ) of the closure E * and parametrized by Λ.
Application I
Consider the one parameter family of transcendental entire maps f a (z) = a(e z (z − 1) + 1), a ∈ C * .
This family parametrizes the space of affine conjugacy classes of entire transcendental maps with two singular values, one of which coincides with a critical fixed point and the other being asymptotic. We denote by A a the basin of the superattracting fixed point 0. And we denote by A 0 a the immediate basin, that is the connected component of A a which contains 0. The asymptotic value of f a is at z = a. The main hyperbolic component C 0 in parameter space is the set of parameters for which the asymptotic value is contained in A 0 a , that is,
It is proven in [De] that C 0 is bounded, connected and C 0 ∪ {0} is simply connected. The Böttcher coordinate φ a -associated to the fixed point z = 0 is the unique conformal conjugacy between f a and z → z 2 in some neighborhood of 0. It has the form φ a (z) = a 2 z + O(z 2 ).
The conjugacy φ a depends holomorphically on (a, z) and extends to the whole immediate basin A 0 a if and only if a / ∈ A 0 a , or equivalently a / ∈ C 0 . Denote by ψ a the local inverse of φ a mapping 0 to 0. Then for a / ∈ C 0 the map ψ a uniquely extends as a biholomorphic map ψ a : D → A 0 a which we denote a Böttcher parameter. Let U * be the unbounded connected component of C \ C 0 . Then the Böttcher parameters ψ a (z) depends holomorphically on (a, z) ∈ U * × D. Fix a 0 ∈ U * and define a holomorphic motion H of A 0 a 0 , parametrized by U * and with base point a 0 via the Böttcher coordinates and parameters as follows:
so that H(a, A 0 a 0 ) = A 0 a . Observe that it follows from (11) that
Moreover note that ∞ is an isolated boundary point of the motion domain U * . Set U := U * ∪ {∞}.
Our first application of holomorphic explosions is to H. Recall that a simply connected domain A C is called a K-quasi-disk, if there exists a K-quasi-conformal map ψ :
and where d U (·, ·) denotes the hyperbolic distance in U.
This theorem strengthens a result in [De] , where it is shown with a different approach that for all a 0 ∈ U the domain A 0 a a quasidisk.(observe Figure  2) .
The proof uses that the holomorphic motion given by (12) exhibits a holomorphic explosion at ∞. This is the content of the following Proposition. where H a 0 = ψ a 0 is conformal.
Proof. Define H : U * × D → C by H(a, z) := a 2 H(a, ψ a 0 (z)) = a 2 ψ a (z) =: ψ a (z). We shall show that H extends to a holomorphic motion of D over U with base point ∞. Then as a → 2 a has a simple zero at ∞ the theorem will follow.
Notice at first that H is a holomorphic function of the pair of variables (a, z) and that it is vertically univalent with H(a, 0) = 0 and ∂ ∂z H(a, z)| z=0 = ψ ′ a (0) = 1.
By the Koebe distortion estimates for univalent maps, we have ∀z ∈ D, ∀a ∈ U * | ψ a (z)| ≤ |z| (1 − |z|) 2 so that each map H z is uniformly bounded near ∞ and so extends holomorphically to U. That is H extends horizontally holomorphically to ∞. Moreover the univalent functions on D fixing 0 with derivative 1 form a compact family. It follows that the extension ψ ∞ := H ∞ : D → C is univalent. Thus the extension is also vertically injective. In order to show that H is a holomorphic motion with base point ∞ we need only show that ψ ∞ = Id. Or equivalently that the functions ψ a converge uniformly to the identity, as a → ∞. To this end note that ψ a conjugates z → z 2 to
In fact a standard but tedious computation shows that |g a (z) − z 2 | ≤ 4z 3 3a e |2z/a| .
So g a converges to g ∞ (z) := z 2 locally uniformly in C. By continuity, ψ ∞ is the Böttcher parameter for g ∞ at 0 and hence ψ ∞ = Id. This completes the proof.
Proof of Theorem 3.1. The holomorphic motion H extends to a holomorphic motion of D by the λ-Lemma and to a holomorphic motion of the Riemann sphere C by S lodkowski's Theorem. We denote by H also such an extension. By the general properties of holomorphic motions over a simply connected domain such as U, the real dilation of the vertical mapping H a is bounded by K a := e d U (a,∞) , when ∞ ∈ U is the base point. Thus A 0 a = 2 a H(a, D) is a K a -quasi disk. Let {z i } i∈Z be the solution set of the equation f a (z) = 0, ordered in increasing order of ℑ(z i ) with z 0 = 0. Let A 1,i a denote the connected component of f −1 a (A 0 a ) which contains z i . We call the point z i , the center of A 1,i a . Notice that these centers do not depend on the parameter.
In particular all of the components A 1,i a of the basin of 0 for f a are also K-quasi-disks with K = e d U (∞,a) .
Proof. For each a ∈ U * and i ∈ Z \ {0} let k i a be the inverse branch of f a defined on A 0 a , which satisfies k i a (0) = z i . And define
This gives the desired holomorphic explosions. From the series form of H i near 0 H i (a, z) = k i a (H(a, z) 
we see that the order is 2. Here H is as in Proposition 3.2.
Application II
We are interested in the moduli space M 2 of quadratic rational maps modulo Möbius-conjugacy. Every quadratic rational map R has counting multiplicity three fixed points with multipliers which we generically denote by λ, µ and γ. Denote by σ 1 (R) = λ + µ + γ, σ 2 (R) = λµ + λγ + µγ and σ 3 = λµγ the three elementary symmetric functions of λ, µ and γ. Following Milnor [Mi] , we endow M 2 with the affine structure given by (σ 1 , σ 2 ). In more detail σ 3 (R) = σ 1 (R) − 2 and any pair of numbers (σ 1 , σ 2 ) ∈ C 2 defines a unique equivalence class in M 2 , so that (σ 1 , σ 2 ) : M 2 → C 2 is biholomorphic [Mi, Lemma 3.1] . For each λ ∈ C the curve Per 1 (λ) = { [R] R has a fixed point of multiplier λ }.
is a straight line in this affine structure, [Mi, Lemma 3.4] . And moreover σ(λ, R) := µ(R)γ(R) defines an isomorphism between Per 1 (λ) and C, [Mi, Remark 6.9 ].
For λ ∈ D we consider the connectedness locus M λ in Per 1 (λ)
where J R denotes the Julia set of R.
The special line Per 1 (0) also equals the moduli space for quadratic polynomials
Per 2. For each c ∈ M and λ ∈ D, any quadratic rational map R ∈ σ −1 λ (H(λ, 4c) ) has a polynomial like restriction, hybridly equivalent to a restriction of Q c .
For λ ∈ C * and B ∈ C the quadratic rational map z → 1 λ (z + B + 1/z) admits ∞ as a fixed point with multiplier λ, and thus represents an element of Per 1 (λ). Moreover the maps with the same λ but with +B and −B are conjugate by z → −z, and thus represents the same element of Per 1 (λ). Therefore for each λ ∈ C * and A ∈ C such that B = √ A, the map
is well defined without specifying which square root is being used. When a specific choice of square root is relevant, it will be clear from the context, how it is chosen. The maps G λ,A admits ±1 as critical points and a simple computation shows that the product of the two remaining fixed point eigenvalues is given by
It thus follows immediately from (15) that A λ converge to 4 uniformly on M λ , when λ → 0. Holomorphic motion of the connectedness loci M λ with the parameter λ was the subject of the master's thesis of Uhre. We adopt the following result from her thesis. The interested reader can see [Uh, ] for a proof.
Theorem 4.2. There exists a dynamically defined holomorphic motion of the connectedness locus M e −1 over D * with base point e −1 :
More precisely for each fixed pair (λ, A) with λ ∈ D * and A ∈ M e −1 , there exists a global quasi-conformal mapping h λ,A : C → C conjugating G e −1 ,A to G λ,A(λ,A) and which restricts to a hybrid conjugacy between quadratic like restrictions of the two maps.
In [Uh] , the proof was made for the connectedness locus for the family given by the formula R λ,µ (z) = z z + µ 1 + λz which is conjugate to G λ,A , where
by the affine map φ λ,µ (z) = λz + 1 √ 1 − λµ .
Note that
i.e., the product of the two other (than λ) fixed point eigenvalues.
Proof of Theorem 4.1. This is now a straight forward application of Corollary 2.3 to the result of Theorem 4.2. This approach provides an alternative to [Uh, Chapter 8.4] . Notice that the extension to 0 corresponds to the case where ∞ is a superattracting fixed point. Since σ λ (A) = σ(λ, A) = σ(λ, [G λ,A ]) = σ(λ, A λ −1 (A)) = σ λ (A λ −1 (A)) is holomorphic as a function of the two variables and injective, in fact affine To complete the proof of Theorem 4.1 we need to show surjectivity, i.e E = 4 · M. For this we appeal to the Proposition 4.3 below. It follows from the Proposition that for every τ 0 = 4c ∈ 4 · M there exists A ′ ∈ M e −1 such that is G e −1 ,A ′ is hybridly equivalent to Q c . Thus τ 0 ∈ E, i.e., 4 · M ⊂ E. Proof. This is a particular case of Prop. 5 page 301] applied to a quadratic like restriction of Q c and the external class B e −1 .
Then reapplying (15) again or applying Corollary 2.3 directly to A we find Corollary 4.4. The holomorphic motion A of M e −1 over D * is a quasiconformal reparametrization of a holomorphic explosion over D from (0, 4). Indeed writing A(τ ) = σ −1 e −1 • H(e −1 , τ ), then for any τ ∈ M 0 we have
where H is the holomorphic motion in Theorem 4.1 as given by (19).
